Continuity and Differentiability

e Suppose fis a real function on a subset of the real numbers and c be a point in the domain

m f(x) =7 (e)

. : ol
of f. Then, fis continuous at ¢, if x

More elaborately, we can say that fis continuous at c, if

_lim_f(.w') = 1i111+f(.1']| = fle)

X =

o Iffis not continuous at ¢, then we say that fis discontinuous at c and c is called the point of
discontinuity.

e Areal function fis said to be continuous, if it is continuous at every point in the domain of f.

o Iffand g are two continuous real functions, then
o (f+9), (f-9) fg are continuous
il

o Eis continuous provided g assumes non zero value.
o Iffand g are two continuous functions, then fog is also continuous.

e Suppose fis a real function and c is a point in its domain. Then, the derivative of fat c is
. W —fic
! a1 = 11111 M
defined by, '€ h—0 h

. ' "(x
e Derivative of a function f (x), denoted by dx (f(x)) of ' (x) , is defined
F(x) =lim LOF 0
by h—0

Example: Find derivative of sin 2x.

Solution: Let f (x) = sin 2x
o oprpon o 8in 20x Hi) —sin Gy
S Lnn p

—lim 2eog2x ) -sin b
h—0 h

=Aimeos(Zx + k) «lim
h—0 h—0

gin b
= Zecog 2yx]

=Zoos 2y

o For two functions fand g, the rules of algebra of derivatives are as follows:
o (frg)=sf+g
o U—g)=f"-¢

Get More Learning Materials Here : & m &N www.studentbro.in



o (f.%’}'“ =f'g [Leibnitz or product rule]
(_,1) _f'e-fg'
o & g’ ,where g # 0 [Quotient rule]

o Every differentiable function is continuous, but the converse is not true.

Example:
J(x) = Ixlis continuous at all points on real line, but it is not differentiable at
x=0.
= i SO0 - ho

Since L.H.S ;Harh ; h h

= lim SO+ = -h_ 1
RHS n-0* n &
~L.H.S # R.H.S.

Therefore, f(x) does not exist at x = 0; i.e., fis not differentiable at x = 0.
The derivatives of some useful functions are as follows:

—1

d .. N 1
i (sin "x) =

A 1 =
= (cos "x)

d 1. _ 1
—(tan "x) =

':1;' | 1+.1.i2
= (cot x)=—

d.:; | 1432
pay (sec "x) = =

xyxT-l
-

2

i_(c 0sSEC _1_1'] =
ax -
xpxT-l

e Chain rule: This rule is used to find the derivative of a composite function. Let f =
dt dv. af _dv  df
v o u. Suppose t = u (x); and if both dx and 4t exist, then ax ~— dr dx

daf _ dwol)  di _dw  ds  df
Similarly, if f= (wou)ov,and if t = v (x), s = u (t), then dx dt dx ds dt dx

.2 2
Example: Find the derivative of 1" (log x + cos™x),

Solution:
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ﬂ%":‘_[sin2 (log x+ coszn.') ] = Zsin (log x+ cosgj.')xﬁ[sin (log x+ coszn.') ]
=Zsin (log x+ COSE.".') . cos(log x+ coszj.')xd% (log X+ .:;052_1.-)
— . 2. 1 e d .
=sin 2|leg x +cos" x| - p Jdoos ng(cos x)
=sin (log W+ 2:::0523.')%(1—_ — Jsin xcos .".')

= (1— —5in 2_1')si11 (log .1'2 + 2(:052.1')

The derivatives of exponential functions are as follows:

i ..II. — ..II.
et =e

d ax. _  ax
o (e ) —ae
e Mean value theorem:

If f: [a, b] = R is continuous on [a, b] and differentiable on (a, b), then there exists some ¢

’ _ i =fia
@ (a, b) such that” ) =" pa .

—a

Example: Verify Mean Value Theorem for the function:

5
f(x) = 2x2 - 17x + 30 in the interval [5’ 6].

Solution:
f(x)=2x2-17x+ 30
SN (x) =4 =17

5 5
The function f{x) lz)eing a polynomial, is continuous on [5’ 6] and is differentiable on (5’ 5).
5% _ oS S L oap =
niso, (7)72(3) ~17(3) +30=0
and, f (6) =2(6) ~17x6+30=0

. f(3)=/6

7 (3)

Now,

5
According to Mean Value Theorem (MVT), there exists cE (E’ 6:)such that f'(c) = 0.
S —=17=0

~e=te(39
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+4 V= K

K -—t t t t —t—t t — ¥

Therefore, M.V.T is verified.

« Derivative of a function . (*) = [#(1)1°*” can be calculated by taking logarithm on both the
sides, i.e.10g f(x) =v(x)log [u(x)] and then differentiating both sides with respect to x.

¢
X

_ X - dy
Example: Ify =" find3y

Solution:

LetIfy =2" =2
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Sdeg vy =ylog x

d _d _
= -(logy) =—--(ylog x)

1d _dr

o F
+ =
¥dx  dx log x X

dar il _ | =F
#dx[_}r logj.}—_\_

4 2

P — F

ki S x—xylogx
5 ~loga

dy _

o Ifthe variables x and y are expressed in the form of x = f (¢) and y = g (t), then they are said
Ay _dy at _ g'®
to be in parametric form. In this case,d@  d dx  f'(f) provided. (f) #0

2
di_ (x d—'}? -F :id_y
o Ify=f(x), then & S aﬂddxz ST =g, (d-\')

2
dy
Here, f'(x)or dx? is called the second order derivative of y with respect to x.

¢ Rolle’s Theorem:

Iff: [a, b] — R is continuous on [a, b] and differentiable on (a, b) such that f (a) = f(b),
where a and b are some real numbers, then there exists some c & (a, b) such that f'(c) =0

Example: Verify Rolle’s Theorem for the function:

5
f(x) = 2x2 - 17x + 30 in the interval [5’ 6

Solution:
f(x)=2x2-17x+ 30
~f(x)=4x-17

3 3
The function f{x) being a polynomial, is continuous on [2’ 6] and is differentiable on (2’ 6).

Also,f@) = 2@)2 - 1?@) +30=0
And, £ (6) =2(6)* —17x6+30 =0

L f(2)= 106
Therefore, we can apply Rolle’s Theorem for f %().

According to this theorem, there exists cE [:5’ 6 such thatf'(c) =0
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We have /' (x) =4x =17

S ey =0
=4 —-17=0
_ 17 5
»c=11€(3.6)
Therefore, Rolle’s Theorem is verified.

e Mean value theorem:

If f: [a, b] = R is continuous on [a, b] and differentiable on (a, b), then there exists some ¢

Vo) = LO=F @
(a, b) such that f'(e) b—a

Example: Verify Mean Value Theorem for the function:

5
f(x) =2x2 - 17x + 30 in the interval [5’ 5].

Solution:
f(x)=2x2-17x+ 30
S =4 =17

3 5
The function f{x) lz)leing a polynomial, is continuous on [E’ 6] and is differentiable on (5’ 6).
Sy _nfi 54 am
also,/ (3)72(3) —17(z) + 30=0
And, /(6) =2(6)* =176 +30=0

~f(2)=106)

r@®-r(3)

Now,

3
According to Mean Value Theorem (MVT), there exists ¢E (2 ’ 6)such that f(c) =0
Sode—17=0
_1 5
»c=11e(3.6)

Therefore, M.V.T is verified.
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